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BBE/IEHHE.

«]_II/ICerTHa}I MAaTCMaTUKa» HU3Y4aACTCA CTyACHTAMU CHGHI/IaJIBHOCTeﬁ

11.03.02 1 09.03.01.

B y‘{C6HO-MeTOI[I/I‘{CCKOM rmocooun  «OCHOBEI TCOPUHU  MHOKCCTB»
paccMaTpuBarOTCsA 3JICMCHTAPHBIC IMOHATHA MAaTCMATUKU, H3yanOIHCﬁ KOHCYHBIC
MHOXCCTBA, KOTOPBIC ABJLANOTCA OJHHM H3 PA3ACIIOB I[I/ICKPGTHOfI MaTCMaTHKH.

[Tocobue opreHTHPOBAHO HA CTYIEHTOB THEBHOTO M 3a04YHOTO (haKyJIbTETOB.

Tak kak pasznuuHble pas3fesbl AUCKPETHOM MaTeMAaTUKH BHEAPSAIOTCS B
TEXHUYECKHE, SKOHOMUYECKHE, OPUAUYECKHE U Jp. chepbl, TO JOCKOHAIbHOE
M3Y4YEHUE HAXOJAIIEHCS B COCTOSSHUU HEMIPEPBIBHOTO PA3BUTHS TEOPUU MHOXKECTB,
OPaKTUYECKU HEeBO3MOXKHO. [loaToMy, B paMkax OTBEIEHHOTO Yy4eOHOM
MpOorpaMMoOil  BpEMEHU CTYIEHTY LEJIecOO0pa3HO O3HAKOMUTHCS JIUMIIb C
HEKOTOPBIMHU pa3JieJJaMd OCHOB TEOPHUHM MHOXKECTB. M3ydeHue 3TOro marepuana

MOJKCT ITIOCITYKUTb Oazon AJI1 CaMOCTOATCIIBHOI'O OCBOCHUS TCOPHUHU MHOKCCTB.



1. MHOKECTBA.

1.1 0003HaYeHUsI OOBLEKTOB M OIEPAITUA.

Eciu ob6o3HaueHne 0oOBEKTa WM OINEpaluu SBISETCA TJI00aTbHBIM (B

def
mpenenax padoThl, y4eOHHMKA, CTaThH), HUCIOJB3YeTCs 3HAK: —, KOTOPBIU

O3HA4YaCT « II0 OIpPCACICHUIO CCTb». CneBa OT OTOro 3HaKa MOXKET CTOSTH

00o3HaueHNe 00BEKTA, a CTIPaBa - BRIPAKEHHE, KOTOPOE OMPENENISET STOT OOBEKT:

IMpumep 1. ~AE U\A
Eciu onpeiensercs onepanys, TO B JIEBOM YaCTH CTOUT BBIPAKEHHE!

Ipumep2. A=BEAcB & BcA;
YroObl BBIYMCIUTL 3HAYEHHS BhIpakeHHs A = B , ciemyer BBIYMCIUTEH

3Hayenne A < B u B — A, a 3aTeM BBIUHCINTG KOHBIOHKIIUIO TUX 3HAYCHUI,

—  3HaK « .— » 0003HAYaCT « IOJIOKUM PABHO »;

— 3HaK « — » 0003HAYAaCT « PABHO »;

— V,3 — KBaHTOpHI (JIOTHUECKHE CUMBOJIbI) XapaKTEPU3YIOT CIEIYIOIIHE
32 HUM DJIEMEHTHl B KOJIMYECTBEHHOM OTHOIIEHUWHU. V  KBaHTOP

BCCO6IHHOCTI/I HCIIOJB3YCTCA BMECTO CJIOB «IJIA BCEX), «IJISA JIFOO0TOY

; 3 KBaHTOP CYIMCCTBOBAHUA  HMCIIOJIB3YETCA  BMCCTO  CJIOB

«CYHIIECTBYET», «MMEETCs», ! — «CyIeCcTBYeT € IMHCTBEHHBIN;
—  3HaK « — » - «CJIeayeT», «BBITOIHICTCS;

— 3HaK « <> » WU « ~)» - PaBHOCWJIBHOCTb YTBEPKICHUS.

1.2 Omnpenenenre u 0003HAYEHUE MHOKECTBA.

Teopus MHOXKECTB IMOJYYWJIA PU3HAHUE B KOHILE JEBSATHAALATOIO BEKA.
be3 cuUMBONMKM TEOPUM MHOXECTB ceddyac He OOXOJUTCS HU  OJTHO

MaTeMaTUUecKoe HcclieqoBaHue. BBEI NOHATHE «MHOXECTBO» HEMELKHUU



MaT€MaTuK KaHTOp. IloHsaTHE «MHOXECTBO» OTHOCHUTCS K IIEPBOHAYAJIbHBIM

IIOHATHUAM, HC IIOMJIC)KAIIIKMM OIIPCACIICHUIO.

[To3TOMy MHOECTBOM Ha3bIBAIOT COBOKYIMHOCTb HEKOTOPBIX OOBEKTOB,
00BeTMHEHHBIX KAaKUM-TTH00 00IMM Tpu3HakoM. OOBEKTaMU MOTYT OBITh YHCIIA,
(Gurypsl, IpeAMETHI, TOHATHUS U T.I1.

[Ipumepbl MHOXECTB: HATypaJbHbIE YHUCJIa, MHOXKECTBO IEJBIX YHUCEN,
TJIaHETHI, al1(aBUT, MHOKECTBO PBIO U T. II.

MHuoxecTBa 0003HA4arOT 3arjiaBHbIMM OYKBaMU JIATHHCKOTO alipaBuTa,
AJIEMEHTHI (00BEKTHI) — CTPOYHBIMU OYKBaMH.

JImst HEKOTOPBIX ~ YHCIIOBBIX MHOXECTB, YacTO BCTPEYAMOIIMXCS B
Pa3IMYHBIX pa3ziesiax MaTEMATHUKH, BBEJIH CIIeIIMAIbHbIE 0003HAYEHUS:

N — MHOKECTBO HATYPaJIbHBIX YHCET;

Z — MHOXECTBO IIEJIbIX YUCET,;

R — MHOXECTBO I€CTBUTEIIbHBIX YHCET;

Q — MHOXECTBO palliOHATBHBIX YHCEIT;

| — MHOkECTBO UppAIIMOHAILHBIX YUCEN.

CumBoJIOM « €» 0003HaUaeTcs OTHOIIEHHE MPUHAJICKHOCTU. 3amuch X € X
O3HauaeT, 4TO BJEMEHT X MNPUHAIJICKUT MHOXKECTBY X, a 3amuch X ¢ X ,
O3HAYaeT YTO JIEMEHT X He MPUHAIJICKHUT MHOKeCTBY X. ClioBeCHbIE 00OPOTHI
KaK «JICMEHT X MPUHAJICKUT MHOKECTBY X» JOCTAaTOYHO JUIMHHBI U HE BCETIa
ynoousbl. Jlyume, Hanpumep, 5 € N — 5 gncno Harypansnoe, 0 ¢ N — Hyns He
HaTypajbHOE YHCIIO.

Ilpumep 3. 3anucaTh Ha CHUMBOJIMYECKOM fA3BIKE  CIEAYIOLIUE
YTBEPIKICHHUS:

Yucno 10 — varypansHoe. Oter - 10eN.

Yucno 7 — e HarypansHoe. OTBeT — 7 ¢ N.

Yucno 100 — uenoe. OtBer — 100 ¢ Z.
MHO0XecTBO, Kak 00BEKTHI MOTYT OBITh JJIEMEHTAMU JPYTMX MHOXKECTB .

Nx  wnaspiBator  cemeiictBoM. CemeiicTBa  0003HA4arOTCS  MPOIMUCHBIMHU



«PYKOIUCHBIMH » OyKBamH JaTHHCKOro andasuta. Hanpumep, A, B, K, M u
T.JI.

MHOXECTBO, HE COJEpKailiee »dJIEMEHTOB, HA3bIBAETCA IYCTBIM W
obo3Hauvaercs J.

VYHuBepcaibHOE MHOXKECTBO (YHUBEPCYM) 4acTO O0O3HAYAIOT TPEUYECKOU
OykBoii €2, XOTs BO MHOTMX MCTOYHHMKax oOo3Hauyaercs OykBoud U
YHuBepcaIbHOE MHOXKECTBO BKIIIOUAET B C€0s1 BCE MHOKECTBA.

Ecnu 9mcio 3meMeHTOB MHOXKECTBa, KOHEYHO, TO MHOXECTBO HA3BIBAIOT
KOHEYHBIM, MHa4Ye — OECKOHEUYHbIM. MHOXECTBO OYKB B andaBUTe — KOHEYHOE

MHOKCCTBO, @ MHOKCCTBO HAaTypPaJIbHbIX YHUCCI - OECKOHEUYHOE MHOKECTBO.

1.3 3a,Z[aHI/IC MHOXXECTB. MyJIbTUMHOXECTBO.

3a,Z[aTI> MHOXCCTBO — O9TO 3HAYUT YKa3adaTb, KaKHC JOJICMCHTBLI CMY

NpUHAAIeKAT. ITO YKa3aHHWE 3aKII0YAIOT B Mapy QPUIYPHBIX CKOOOK. OHO MOXKET
UMETh OJIHY U3 CJIEAYIOIINX OCHOBHBIX (OpM:
a) 3ajaHMe MHOXKECTBA NEPEUNCIICHHEM JICMEHTOB.

M = {a, b, c, d}.

Ecnu MHOXKECTBO COCTOUT M3 YHCEJ, TO MPH UX MEPEUUCIeHUU yroOHee
MCIIOJIB30BaTh HE 3aIATYI0, @ TOUKY C 3amlsiTOM, YTOOBI HE CMYTaTh C ACCATUYHON
3aIsTON

A:={1; 2; 3; 4; 5}.
1eMEHTBI MHOKECTBA MOYKHO MNEPpCUNCIIATL B IPOU3BOJIbHOM IMOPSAAKE. Ot

U3MCHCHHS TIOPSAIKA MEPCUMCICHUS CaMO MHOYKECTBO HE MEHSCTCS. MHOMXECTBO
rnacHeIX 6ykB pycckoro andasura A & {a, e, &, 1, 0, y, bl, 3, 10, 4} UK
A¥ {a e,y,u,0,a bl 0,0, E} - OXHO U TOKE MHOKECTBO.

KoHeuHnoe MHOeCTBO 3amaéTcs IPOCThIM mepeuncicHueM. Hampumep,
MHOYKECTBO HECKOJIBKHX MPOCTHIX uncen M:= {3; 5; 7; 11}.

OnHako, 3aJaBaTh MHOXKECTBO NYTEM IEPEUHCICHHUS €ro 3JIEMEHTOB

y,Z[O6HO TOJIBKO B TOM CJiy4dac, KOorga nux 4ucCjJI0 HCBCIIMUKO. Ecau uucno 3nmeMeHToB
7



MHOXECTBA JOCTATOYHO BEJIMKO WJIM MHOXKECTBO OECKOHEYHO, TO SBHOE
MEPEUYUCIICHNE DJIEMEHTOB TaKOro MHOXECTBAa HEBO3MOXHO. Hampuwmep,
MHOKECTBO BCEX KBaJIpaTOB HATYpaJbHBIX YHCE]I MOXKHO 3anucath B:={1; 4; 9; 16;
25; ...},

[Ipu 3agaHN MHOXECTB MEPEUUCICHUEM 0003HAYEHUS SJIEMEHTOB MHOTAa

CHa0Xar0T HHAEKCAMHU M YKA3hIBAIOT MHOKECTBO, M3 KOTOPOTO OEpyTCs HHAEKCHI.
Hanpumep, 3ammch { a;}5_, o3nagaer Toxe, uTo {ay, 8z, a3, ..., &},
Bamuce M = {Mj}ae a 03HauaeT yro M sABISETCS CEMEHCTBOM, DJIEMEHTAMU

KOTOPOIo sABJIACTCSA MHOXCECTBO Ma ) HpI/I‘IéM HWHICKC a «Hp06eraeT» MHOKECTBO

A.

b) 3agaHne MHOKECTBA XapaKTEPUCTUUECCKUM IIPEIAUKATOM.

XapaKTepI/ICTI/ILIeCKI/II\/'I MMpCaAnKaT — 3TO YCJIIOBHUC, BBIPAKCHHOC B (1)OpM€

JOTMYCCKOT'O YVTBCPIKIACHMUI, BO3BpElH.[ElIOH.[CfI JJOTMYCCKOE€ 3HAYCHUEC U

MO3BOJIAIOIIEE IPOBEPUTH, TPUHAIICKHUT JIM JTFOOOW TaHHBIA DJIEMEHT
MHO>KECTBY WM HeT. Eciu [y1s1 JTaHHOTO 3JIEMEHTa YCJIOBHE BBITIOJIHEHO, TO
OH TIPHHAJUICKUT OINPEACIAEMOMY MHOXKECTBY, B IPOTUBHOM Cllydae — HE
TIPUHA]JIC)KUT.
Mpumep 4. M:= {x | P(X)}
CumBon “ | ” BHyTpH (UIYpHBIX CKOOOK 3aMEHSET KOMOHMHAIMIO CIIOB
«...TaKHX, 9To...».
M — 5TO0 MHOXKECTBO X , TAaKHMX, 4TO OHU 00jamaroT cBocTBoM P(X). 3aech P(X) —
XapaKTePUCTHUSCKUN TTPEINKAT.

Ipumep 5. A:={x|x€ N,x <100}

A — 3TO MHOXECTBO X , TaKUX, YTO X MPUHAJICKUT MHOKECTBY
HaTypaJIbHBIX YMCET MEHbIINX WU paBHbIX 100.

IMpumep 6. BMecto cumBoma “ | MOMXKET CTOSITh CUMBOJ & .

B:= {X : Xmod(2) =0} B — 3T0 MHOXECTBO X , TaKHX, YTO OCTATOK OT
JIJICHHs 3HAYEHUS DJIEMEHTA X Ha 2 paBHAETCS HYIIO.

8



C) 3ajaHue MHOXKECTBA MOPOKIAFOIICH TPOIIEAYPOH.

[Toposkmaromas mporeaypa — 3T0 MPOLEAypa, KOTopas B mporecce padoThI
MIOPOKIACT OOBEKTHI, SIBJISIOIIUECS AIEMEHTAMU OIPEIeIIEMOT0 MHOYKECTBA.

B:={x|x?-3x+2=0} 3mecs B={1;2}.

HpnMep 1. 33.,HaHHOC MHOXKECTBO A 3a1aTb ICPCUHHUCIICHUCM BCCX CBOHUX

snemeHToB: A:= {X | X*> - 3x -4 = 0}
OtgeT: A:= {1; 2; 3; 4}.

d) MyJIbTUMHOXKECTBA.

MHO)K@CTBa, JOITyCKAIMME BKIIOYCHHUC OAHOIO M TOIO JXKC JJICMCHTA

HCCKOJIBKO pa3, Ha3bIBACTCA MYJIbTUMHOKCCTBOM.

Ipumep 8. [IpeacTaBUTH MYyJILTUMHOKECTBOM IIPOCTHIE MHOYKUTEIH LIEJIOTO
upcna 120. DTumu MHOX)uTensaMu sapisores: 120= 23 * 31 *51 - Oum o6paszyror

MyIabTUMHOKECTBO X:= {2; 2; 2; 3; 5}. B cokpamiéHHO# 3amicu OHO MMEET BH/I

X:={(2, 3), 3,5} unu B apyroii 3ammcu X:= {(3/2), 3, 5}.

1.4 CpaBHeHHE MHOXKECTB.

MHOXecTBa MOTYT CIIY’KUTh 3JIEMEHTAMU IPYTUX MHOXKECTB:

1. MmnoxecTBO A Ha3bIBaeTCsI MOAMHOKECTBOM MHOKECTBa B, eciin Beskuit
anemMeHT A sBusercs snmeMeHToM B. Ilpm sTtom rosopsatr « B comepxur nimm
MOKPBIBAET A».

OT10 cBOMCTBO 0oOo3HavaeTcs: A < B (uuraercs: A BxitoueHo B B unu B

BKJIFOYAET WK PaBHO A). 3HaK C — 3HAK «HECTPOroe BKIIOUYEHUE).

IMpumep 9. X — MHOXKECTBO CTYZeHTOB rpymibl J[B-21;

Y — MHOKECTBO CTYJEHTOB - OTJIMYHUKOB Tpynmnsl [[B-21;
Torma Y X (MOryT e ObITh BCE OTIMYHHUKH).

3HaK C — 3HAK «CTpOroe BKIOUYeHHE». A < B o3Hagaer, 4yro A -

MOJMHOKECTBO MHOXKeCTBa B, He coBmagaromiee ¢ B (untaercs: A BkirodeHo B B.




HpnMeanne. WHorpa, B nuTepaType 3HAKOM « C » 0003HAYalOT HECTPOroe BKIIIOYEHUE,
JOIIYCKAIOIIEE U PAaBEHCTBO MHOKECTB. B TakoM cilydae CUMBOJI C HE HCIOJIB3YETCs, & CTPOroe
BKJIFOUEHUE 3aIIUCBhIBAETCS ABYMs COOTHOIIEeHUsIMU AcCB, A# B.

IIpumep 10. Z — MHOXKECTBO CTYACHTOB IpyIIl crieruaibHocTu 11.03.02
X — MHOECTBO CTy/A€HTOB Tpymnsl JJU-21.
Tornma, X < Z. 3paeck cTporoe BKIIIoUeHUE, X BKIIOYEHO B Z,
X noAMHOXKeCTBO Z, X HE MOXKET PaBHATHCSA Z T. K B Z €CTh U
JPYTUE TPYIIIIHI.
He cnenyer cMemmBaTh 3HAKU « € » U « C ».

IMpumep 11. M1 — mHOX)ecTBO HYTOOAUCTOB KiTy0a «3€HUTY.

M2 — MHOkeCTBO BceX (PyTOOJIbHBIX KOMaH/.
Bepno, M1 € M2, Ho HeBepHo MIc M2, k. Ml u M2 —
MHOKECTBA Pa3HOU NPUPOIBL.

2. Jlea wmHOxkecTBa Ha3biBaloT paBHbIMU (A =B), ecnu oHu
COCTOSIT M3 OJHUX M TE€X KE DIEMEHTOB WM SBISIOTCA ITyCTHIMHU
MHOXECTBaMU. Tak Kak IpU paBEHCTBE MHOXKECTB A U B Bo MHOXkecTBe A
HET DJJIEMEHTOB, HE TNpUHAJJIe)kKamumx B, a B B Her 31eMeHTOB, HE
NpUHAJISKAIIMX A, TO NPU3HAKOM pPAaBEHCTBA MHOXECTB SBJISICTCS

OJTHOBPEMEHHOE BBINIOJIHEHUE ABYX ycioBuii: A Bu B C A.

1.5 MomHoCTs MHOXKECTBA. byiieadn MHOXECTBA

Yucmo aneMeHTOB N B MHOXKECTBE X HA3bIBAIOT MOIIHOCTBIO MHOXKECTBA X
1 00o3HauvarT kKak | X |=Nn. MuoxkecTBo X=@ - mycToe MHOKeCTBO, eciiu N=0.
MuoxectBo X u Y cuuTarotcs paBHbIMH, ecii | X | =| Y |.

Byiean MHOXecTBa A — 3TO MHOXECTBO, COCTOSIIIIEE M3 BCEX IMOIMHOMXKECTB
MHoxkecTBa A. Bysnean o6o3nauaercs 2, unorna - p(A)

IMpumep 12. I[lycte A={1; 2; 3} Bynean MHOkecTBa A €CTh MHOXKECTBO

2% ={&, {1}, {2}, {3}, {1 2}, {1; 3}, {2; 3}. {1 2; 3}}.
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2. OIIEPAIIUU HAJI MHOKECTBOM.

2.1  uarpammsl Diiniepa — Benna.

JluarpamMMBbl — 3TO reOMETpUYECKUE TIpeicTaBiIeHUs MHOXKeCTB. [locTpoeHue
JUarpaMMbl  3aKJIIOYAETCS B M300paKEHWU  OOJIBIIOTO  MPSMOYTOJIbHUKA,
MPEICTABIISAIONIETO YHUBEPCATbHOE MHOKECTBO U , a BHYTpH HETO - KpyroB (WK
KaKUX-HUOYAb JAPYTMX 3aMKHYTBIX (DUTYp), MPEACTABISIONIUX MHOXECTBA.
Ourypsl JOJDKHBI TIE€peceKaTbcs, Kak TpeOyeTrcss B 3ajade, U JOJKHBI OBbITh
COOTBETCTBYIOIIUM 00pa3oM o0O0O03HA4eHbl. VIMess MOCTPOEHHYIO aHUarpaMmy,
MOXHO 3aIlITPUXOBaTh ONpeNeNEHHbIe 00JacTH JJis  O0003HAYEHUSI BHOBD
00pa30BaHHBIX MHOXECTB.

[Ipu pemennun nenoro psaa 3amad Jleonapn Diiiep MCMOIB30BAIT UICHO
U300pKEHUSI MHOXKECTB C MOMOIIBIO KpyroB. OmaHAaKo, STUM METOAOM elI€ /0
DOlinepa Mmoyib30BaJCs BBIIAOIIMNCS HeMeUkui ¢uinocod u marematuk I'otdpua
Bunbrensm  JleiiOnun. JleiOHuIT uWCHONB30Bal WX Ui  TEOMETPUYECKOMU
WHTEPIIPETALNUN JIOTUYECKUX CBSI3€M MEXAY MOHATHSIMU, HO IPU 3TOM BCE XKeE
MPEANOYNTAT HUCIIONb30BaTh JIMHEWHBIE CXeMbl. HO 10CTaTo4HO OCHOBATEIBHO
pa3Bun 3ToT Meron cam JI. Diinep. Merogom kpyroB OJilepa MOJIb30BajiCA U
HeMenkuii marematuk JpHCT Llpénep B kaure "Anredpa noruku". OcoOeHHOTO
pacuBeTa Tpauyeckrue METOJbl JOCTUIJIM B COUYMHEHHUSX QHTJIMMCKOIO JIOTHKA
Jl>)xona Benna, moJipoOHO M3JIOXKUBIIETO X B KHUTE «CHUMBOJMYECKAS JOTHUKAY,
m3ganHod B Jlongone B 1881 romy. IloaTomMy Takue cXembl MHOTAa HA3bIBAKOT

Huarpammsl Ditniepa-BenHa.

2.2 Omnepauuu HaJ MHOKECTBaMH.

1. O0BequHEHNE MHOYKECTB.
O0benunenne MHOXeCTB A 1 B o0o3HauaeTcss A U B. D10 MHOXKECTBO BCeX

TaKHUX X , 4TO X ABJISICTCA DJICMCHTOM XOTA OBI OAHOI'O U3 MHOXKCCTB A, B.

11



{x | xeAvxeB}

AUBZ

A N B . 29T0 MHOXECTBO BCEX

{x | xeA & xeB}

ANB=

_/////////—

o

A \B . D10 MHOXeECTBO Bcex

B B.
{x | xeA & x¢B }

oJlepKaThCs
ANB=




4, CuMmMmeTpryHas pa3HOCTh MHOXKECTB A 1 B.

CummeTpuyHas pa3HOCTh MHOXECTB A u B oGo3nawaercs A A B. Oto
MHOKECTBO BCEX TaKMX X , 4To X € A, x € B, 3a uckioueHueM ux OOIIMX
AIIEMEHTOB.

AABE{x|(xeA & x¢B) v (xeB & xgA)}

WA MOKHO 3amucath Tak: (A\B) U (B\A)

5. JlomonHeHwue.
JlommonHeHne — 3Ta omepanus IOApa3yMeBaeT, YTO 3aJaH HEKOTOPBIHA
yauBepcyM U, torma —A= U \ A, B IpOTUBHOM CjIy4ac orepaiis JOIMOJHEHUS He

OIIpCACIICHA.

—AS x| xgA ).

724

i

2.3 OcHOBHbIE CBOMCTBA ONepaluii HaJ MHOKECTBaMHU.

Onepanuu: nepecedyeHre, OObEIUHEHUE W JOMOJHEHUE MOKHO CUMTATh
IJIaBHBIMU OIEpalUsMA B TOM CMBICIIE, YTO pe3yJbTaT J000i Apyroi oneparuu
MOJKET OBITh MpeAcTaBiieH (POpPMYIOH, coaepKallell TpU yKa3aHHBIE OIEpaluu.
CaoiicTBa onepanuil nepeceueHus, 00beIMHEHUS U JAOMOJIHEHUS MPEICTABICHBI B

tabmure 1.
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Ne i/t

10.

11.

12.

13.

14,

15.

Tabmuma 1

CBOWCTBA
KommyTaTuBHOCTH
AccoMaTUBHOCTh
JIucTpuOyTUBHOCTD

CBOWCTBO HYJIS
CBOICTBO €IMHHUIIBI
N neMrnoTeHTHOCTh

CBOJCTBO MOTJIOLICHUS

3akoHsbI e Moprana

CBOJCTBO HOMOJHEHUA
HHBOIIOTUBHOCTD

BBIp AXKEHUC U1 Pa3HOCTH

AAB=BAA

I[NEPECEYEHUME

ANB=BNA
AN(BN C)=(ANB) N C

AN(BU C)=(ANB)U (AN C)

AN =0
ANU=A
ANA=A
AN(AUB) = A
ANB=AUB
ANA=Q
A=A
A\B=AN B

OBPBEJMHEHUNE
AUB=BUA

AU(BU C)=(AUB) U C
AU(BN C)=(AuB)n (AU C)
AU J=A

AU U=U

AUA=A

AU(An B)=A

AUB=ANB

AU A=U

CBolicTBa CUMMETPUYHON Pa3HOCTH

(AAB)AC)=AA(BAC)

AAB=(AUB)\(ANB)

AN BAC)=(ANB)A (AN C)

B CIIPaBCAJINBOCTHU IICPCUHHCIICHHBIX PAaBCHCTB

MOXXHO  YOeIUThCS

pa3IMYHBIMK CIIOCOOAMM: HAPUCOBATH AUarpamMmbl Jiepa — BeHHa 115 eBoil u

MpaBoOl YacTell paBEHCTBA W YOEIWTHCS, YTO OHU COBMAJAIOT; MPOBECTH

(dopManibHOE paccykACHHUE [l KaKJ0r0 paBeHCTBA.
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2.4  JlekapTOBO MPOU3BEACHNE MHOKECTB.
Ilycts A u B - MHOXeCTBa.
MHoxecTBO Bcex ymopsaoueHHbIX map (8, b), rtne a € A, b € B,
Ha3BIBAETCS 0eKapmosviM npouszgedernuem muoxcecms A u B n o0o3HavaeTcs
A x B.
Habop (a, b) Ha3wsiBaroT xopmeosicem, sexmopom.

Yacrosiii cnydait A =B, torna AxB = A2,

Ipumep 13. Onpenenuts nekapToBo mpousBenenne MHoxecTB A;={0, 1},
A= {x,y, 2}
A1 xA2={(0,x),(0,y), (0, 2), (1, x), (1, y), (1, 2)}.

IIpumep 14. Onpenenuts nekaptoBo npousseaeHue A = {1; 2; 5}u B = {4; 6}
AxB={(1,4),(1,6), (2 4),(26), (5 4), (5 6)}.

Ipumep 15. ITycte X — MHOXKECTBO CTY/ICGHTOB B rpymiie |[X| =n,a Y —
MHOXECTBO MeCT B aynutopud |Y|=m.

Torna nexapTroBo mnpousBeneHre MHOXeCTB X W Y €CTh JIByMEpPHOE
MHOeCTBO X X Y BCEBO3MOXKHBIX Map (CTyIeHT, MecTo). Bcero Takux map n*m.
Ecnn n = m, xkaxnomMy CTyAEHTY BbLAENsAETCS eIuHCTBEHHOe MecTo. Ilpu n < m

MMEET MECTO U30BITOK MECCT, a IIpH N > M — UX HEJIOCTATOK.
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3. OTHOILIEHMUA.

OTHOWIEHUSI — OJIMH M3 CHOCOOOB 3aJaHUsl B3aUMOCBS3EH MEXAY
3JIEeMEHTaMU MHOKECTBA.

VYHapHble (OJHOMECTHBIE) OTHOLICHHSI OTPaXKAalT HAJIWYME KaKOI'0-TO
onpenenénHoro npu3Haka R (cBoiicTBa M T.M.) y 2IEMEHTOB MHOXkecTBa M
(Hanpumep «OBITH OelBIM» HAa MHOXKECTBE IapoB B ypHE). Torma Bce Takue
AJIEMEHTHl & M3 MHOXKECTBa M, KOTOpble OTJIMYAIOTCS JAHHBIM INpU3HakoM R,
00pa3yroT HEKOTOPOE MOAMHOKECTBO B M, Ha3pIBa€MOE YHAPHBIM OTHOLIEHUEM R,
Te. aeRuR c M.

[Tongmuo)kecTBO R AexapToBa npousBeneHus MHOXKECTB A X B Ha3bpiBaeTcs

JIBYXMECTHBIM, UJI1 OUHAPHBIM omHuowenuem MHOXKecTB A U B. Torna R < A x B.

[TomgmuoxecTBO map (8, b) € R, mumyt a R b u roBopsr, 4to a u b HaxoxsTcs B

omnowenuu R.

IIpumep 16. ITycte MHOXECTBO R 3a1a€T oTHOIIEHHE B TpuMepe 14.

R = {(a, b) | b nenurTcst Ha a }. Ykazarb ero 3JeMeHTHI.

Pemenne: OcraBnsieM B JE€KapTOBBIM ITPOU3BEACHUM TOJBKO TE€ Naphbl, Y
KOTOPBIX BTOPOE YUCIIO D nenmuTest Ha epBoe a.

Torma R = {(1, 4), (1, 6), (2, 4), (2, 6)}.

3.1 Marpuiia OTHOIICHHUS.
OTHolIeHUs, oOmpeAensieMble Ha KOHEYHBIX MHOXKECTBaX, OOBIYHO
3aJJa0TCSL:
— CouckoM (mepeducieHueM) map, UIsi KOTOPBIX 3TO OTHOLIEHUE
BeinoaHseTcs. R = {(a, b), (a, ¢), (b, d)};
— Martpuneii otHomenus. s maoxects A= {ai, az....,.am} U
B = (by, b,....bn} 3amymepyem cTpoku maTpuisl pazmMepa M x N 3JIEMEHTAMH

ai,...,am, a  CTOJOILI MATpHIBI 3aHyMepyeM 3jeMeHTamu Di,....0n. Ilpum
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BBINOJIHEHUH yciioBus (i, D)) € R Ha nmepeceuenun | — cTpoku 1 j — ro crosdma
MaTpHuIlbl 3anuckiBaeM 1, a ipu (ai, bj) ¢ R Ha mepecedeHnn | — CTpOKU U j — 1o
cToJIO11a MaTpuIlbl 3anuckiBaem 0.

Ipumep 17. MuoxectBo R = {(a, b) | b nexurcs na a }.

A={1;2;5uB={4;6}

Yucio 351eMEHTOB B MHOXKECTBE A paBHO 3, 3HAYUT Y MATPHUIIbl OTHOLICHHUS
Oynmer 3 crpoku. UHCIO 371€MEHTOB B MHOKECTBE B paBHO 2, 3HAUUT y MaTpPHUIIBI

oTHoIIeHus OyayT 2 cronbua. [losTomy pasmep MaTpuiibl oTHOMIEHUs OyaeT 3 x 2.

1 1
1 1
0 O

Onementam MHOkectBa R = {(1, 4), (1, 6), (2, 4), (2, 6)} B wMmarpuie
COOTBETCTBYIOT euHUIIBI. OCTallbHBIE YK Clia MaTPHUITLI paBHEI 0.

[Io maTpuiie OTHOIIEHUSI MOXHO OIPEAEIIUTh JIEMEHThI OTHOLIEHHU. [
ATOr0 HAJN0 3aHYMEPOBATh CTPOKHA MATPHIBI SJIEMEHTAMH |-TO MHOXECTBa, a
CTOJIOLIBI MATPUIIBI — JIEMEHTaMH 2-T0 MHOXKecTBa. Kaxaoil enuHUIlE MaTpUIIbI
COOTBETCTBYET YIOpsIOYEHHAsi Mapa OTHOIICHHS (Ha 1-M MecTe yKa3bIBaeTcs
COOTBETCTBYIOIIMM JIEMEHT |-ro MHOXKECTBA, a HA 2-M MECTE — COOTBETCTBYIOLNN

AJIEMEHT 2-TO MHOXKECTBA).

Ipumep 18. Ha muoxectBe A x B, rne A = {2, 5,9} u B = {1, 3}3anano

1 0
OTHOILIEHHE C MOMOIIBIO MaTpulbl | 0 1
1 0

OnpenenuM  3J€MEHThI 3TOTO OTHOUIEHHUS. 3aHYMEPYEM CTPOKH MAaTPHULIbI
OTHOIIICHHUS dJeMeHTaMu MHoxkecTBa A.  CToyOubl MaTPUIbl OTHOIICHUS

JIEMEHTaMH MHOKecTBa B.

1 0
0 1
1 0

Torna otHomenue R = {(2, 1), (5, 3), (9, 1) } (umenHO 3TUM
rapam B MaTpHIIE OTHOIICHHUS COOTBETCTBYIOT €IUHHMIIBI).
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Jlnst kaxaoro oTHOIIEHUsT R MOXKHO ompenenuTs 00paTHOE OTHOIIICHUE R
cnenyrommm crocooom R?T = {(b, a) | (3, b) € R} (Hamo mpocTo MOMEHATH

MCCTaMM 3JICMCHTHI B YIIOPAAOYCHHBLIX ITapaX OTHOIICHUA R)

C moMoIpI0 JBYX OTHOIICHHH MOYKHO ITIOCTPOMTh HOBOE OTHOIICHHE.
Homyctum, nansl MHOKecTBa A, B, C u otHomrenus R (Ha mHOXecTB A X B), S (Ha

mHoxxecTBe B x C). Komnosuyueu omnowenuti R u S Ha3pIBaeTCS OTHOIICHUE

T = {(a, ¢) | cymecTByeT 21emMeHT beB, Takoii, uto (3, b) e Rm(b,c) € S }.

3.2 CBoMcTBA OTHOIIICHUH.

1. OrHomienne R Ha MHOxecTBe A X A - OMHapHOE OTHOILIECHHWE Ha
MHOkecTBe A. B panbHeilliem OyJeM TOBOPUTH MPOCTO «OTHomleHHe R Ha
MHOXeCTBE A».

OtHomenne R Ha MHOXecTBe A Ha3bIBACTCS peqhieKCUusHbIM, €CIU

(a, @) =R s Bcex a€A, T.e. OTHOIICHHE BBIITOJIHEHO MEKIY 00HEKTOM U

UM camMuM. B 3TOM ciydae Ha TJIaBHOW [JAHArOHAJM MAaTPHUIIbI

oTHoIIeHNsI R Bce »j1eMeHThI PaBHbI €IMHUILC.

IMpumep 19. Ha muoxectse A= {1, 2, 3} 3agano otHomenue R= {(1, 1), (1, 2),
(1, 3), (2, 1), (2, 2), (2, 3), (3, 1), (3, 2), (3, 3)}. Onpenenutp, ABAACTCS JH 3TO
OTHOIIIEHUE PeIICKCUBHBIM OTHOIIIEHHEM. Tak Kak /i BceX eMeHTOB a€A (T.e.
1,2, 3) anementsi (8, 8) = R (3to0 anementsl (1, 1), (2, 2), (3, 3)), To oTHOMmIEHHE R

SABJIACTCA pe(l)JICKCI/IBHBIM OTHOLIICHUEM.

2. OrtHomenne R Ha3bIBaeTCs anmupedhiekcusHvim, €CIU BBITIOJTHICTCS
JUTS. HECOBIaaronux o0bekToB (8, b) = R. B aToM ciydae Ha riaBHOM

AUATOHAJIU MATPUIIBI OTHOIICHHUSA R Bce aymeMeHTBI PaBHbI HYJIIO.
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IIpumep 20. Ha MHOXXECTBE NEHCTBUTEILHBIX YHCEIT 3a/1aHO OTHOIIICHUE

R = {(a, b) | a < b }. Onpenenuts, ABIACTCA U 3TO OTHOIICHHUE Pe(ICKCUBHBIM
OTHOIIICHHUEM.
Onement (1, 1) ¢ R, tak kak HepaBeHCcTBO 1< 1 noxHo. [ToaTomMy oTHOMIEHHE R

HC SABJIACTCA pe(bJICKCI/IBHBIM OTHOIICHUCM.

3. OrtHomrenne R Ha MHOXecTBe A Ha3bIBACTCS CUMMEMPUUHBIM, SCITU
i Beex @, be A w3 ycnosus (8, b) = R cnenyer, uto (b, @) = R. B
3TOM ciiydae oOpartHoe oTHOoleHne R™ coBmagaer ¢ ornomenunem R, a

MaTpula OTHOUIEHUS R Mpu TpaHCIIOHMPOBAaHUU HE MEHSETCH.

Ipumep 21. Onpenenuth, SBISIETCS JHU OTHOIIEHWE ©3 mpumepa 19
CHMMeTpUYHbLIM oTHomeHnneM. Tak kak R™ cosmamaer ¢ ornHomenumem R, TO

oTHoteHue R sBiseTcs CUMMCTPUYHBIM OTHOIICHUCM.

4. AHmucuMJnempuuuocmb: BCE€ DJEMEHTHI BHE TJIaBHOM JAuaroHain

PaBHEBI HYJIIO, HA rJIaBHOM AruaroHaiu TOXC MOT'YT OBITh HYJIH.

Ipumep 22. Onpenenuth, sBIseTcss au OTHOIIeHWe u3 mnpumepa 20
CUMMETPUYHBIM OTHOIIeHWEeM. Tak kak 1< 2, to anement (1, 2) € R. Ho
HepaBeHCTBO 2 < 1 noxHo. [Tostomy (2, 1) ¢ R. CnenoBatensHo, oTHOLIeHUE R He

ABIACTCA CUMMCTPUYHBIM.

5. OtHomenue R Ha MHOXecTBe A Ha3bIBACTCS MPAH3UMUBHBIM, €CIU
71 Beex @, b, C € A W3 OAHOBPEMEHHOTO BBIMOJHEHHUS YCIOBHI
(@ b) =R u (b, ¢) = R cumeayert, uto (a, ¢) = R. B atoM ciyuae

KOMIIO3UIIM oTHOIIeHUs R ¢ caMuM co0o0ii ecTh CHOBa oTHOIIeHHE R.
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Ipumep 23. OnpenenuTh, ABIAETCA JU OTHOLIEHHE W3 mpumepa 19
TPAH3UTHUBHBIM OTHOIIeHHWeM. Tak Kak KOMIIO3UIUS OTHOomeHHs R C camum

co0oif ecTh CHOBa OTHOIIEHHE R, To oTHOIIEHHE R SIBIsIeTCS TPaH3UTHBHBIM.

ITpumep 24. Ha MHOKECTBE NPSMBIX Ha IJIOCKOCTH 3aJJaHO OTHOIIICHHE

R ={@ b)|alb}  Onpenemurp, sBusercs Ju OTHOIIeHHE R
TpaH3UTHBHBIM OTHOIIeHHeM. Tak kak (8, ) =R u (b,c)=R,10 alb m b.Lc,
HO JIBE€ TMpsIMble Ha IUIOCKOCTH, NEPHEHIAMKYJIAPHBIC K OJHON MPsIMOA,
napaiensuel. [lostomy ycinoBue a L C He BbImoJHsiercsi, T.K. (a, ¢) ¢ R.

CH@HOBaTeHBHO, OTHONIECHUE R He sABIgeTCS TPaH3UTHBHBIM OTHOIICHUCM.

6. Ornomrenue R Ha MHOKecTBe A €CTh OTHOIIICHHE IKeueajieHmHocmu,

Ecnu aTto oTHOIIEHUE pedIEKCUBHO, CHMMETPUYHO U TPAH3UTHBHO.

I[JBI KJIacCa OKBHMBAJICHTHOCTH (OTHOIHGHI/IG DKBUBAJICHTHOCTH 3aJ1a€T

pa3oueHue HETIePEeCEeKAFOIINXCSI TIOJIMHOKECTB MHOJKECTBA)
UCTIONTB3YIOT CIICUATbHOE 0003HAUYCHUE

la]| = {xeA | X ~ a}, rme a — KakoW-TO MpeaCcTaBUTEIb Kilacca
OKBUBAJICHTHOCTH, A — MHOXECTBO, Ha KOTOPOM 3aJaHO OTHOIICHUE

OKBHUBAJICHTHOCTH.

IIpumep 25. OtHomeHue «OBITh OJHO(MAMUIBLUEM» SBJISETCS OTHOLUIEHUEM
AKBUBAJIECHTHOCTH Ha MHOXecTBe JoAeil. OnHodaMHuiIbLbl — 3TO KJIacchl
DKBUBAJICHTHOCTH B 3TOM Ipumepe. Hampumep, B Ki1acc 3KBUBaJICHTHOCTH

| Cunopos| monaayt Bce CHIopoOBEHI.

Ipumep 26. OtHomenue momobusi ¢uryp Ha mockocTH. Kaxkmas d¢urypa
nogooHa cama cede. I10 peduiekcuBHOCTH. Eciu mepBasi purypa momodHa

BTOpOIi Gurype, To BTOpas Gpurypa noaodHa nepBoii. IT0 CHMMETPHUYHOCTb.
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Ecnu mepBasi ¢purypa momo6Ha BTOpOii urype, a BTOpasi ¢purypa moaodoHa
TpeThbeil, TO NepBasi U TPeThs PUTYpbl NOJOOHBI. ITO TPAH3UTUBHOCTb. OTCIO/A,
OTHOILIEHWE MOoA00Ms (QUryp Ha IUIOCKOCTH  SIBJISIETCS  OTHOLIEHHEM

IKBUBAJICHTHOCTH.
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4. OTOBPA’KEHUA

bunapnoe otHomenrue R Ha3piBaeTCs PyHKIIMOHATBHBIM (WU yHKITHEH),
ecmmu3 (X,Y) € R u (X,2) € R caenyer y =z. DToMy YCIOBHIO COOTBETCTBYET
oToOpakeHne MHOKeCTBa X B MHOXKECTBO Y,0003Ha4aeMoe TakK:
f: X=>Y.
Oyukuus f ycTaHaBiIMBaeT COOTBETCTBUE MEXKIY dieMeHTaMu MHOKecTB X 1 Y, f
UTpacT poJib MPaBUIIA, COMOCTABISIONIETO KAKJAOMY JIEMEHTY XE€X OJIHO3HAYHO
OIPEICIEHHBIN SIIEMEHT
y=1f(x) €Y.

3mecsr MHOKeCTBO X - 00JaCTh ompeaelieHus oroopaxkenuss T , a smeMeHT X

Ha3BIBAIOT PO0OPA30M dlleMenma Y.
y = f(X) - oOpa3 snemenTa X npu otoopakenuu f .
Emé roBopsT, uTo Ha MHOKeCTBe X 3a7aH0 0TOOpaKeHHE f, CO 3HAUCHUSIMH

B MHOXKCCTBC Y, €CIIM KaXIOMY DJICMECHTY X € X TIOCTAaBUThL B COOTBETCTBHE

CIIMHCTBCHHBIN 37eMeHT Y € Y. YcioBHble obOo3HaueHus: f(X)=y , f: X—>Y
(oTobpaxkenue f uz X B Y).

I/IHOFI[a, BMCCTO «3aJaHO OTO6pa)I(€HI/Ie» TOBOPAT «YCTAaHOBJICHO COOTBCTCTBHC)).

Ipumep 27.
B Xxoinne rocTHMHMIBI 32 CIIMHOW Yy MOPThE HA CTEHE BUCAT KJIIOYM OT HOMEPOB
TOCTUHUIIBL. Y CTAHOBJIICHO COOTBETCTBHE MEXKIAY MHOXXECTBOM KIIOYEH U

MHO>KECTBOM HOMEPOB 'OCTUHUIIBI.
Ipumep 28.

3acensercss HOBBIA JIOM. YCTaHABIMBACTCA OTOOpaXEHUE MEXKIY >KWIbLIAMHA H

HOMEpaMU KBAPTHP.
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Ipumep 29.

3amano oroopaxkenue f: X — Y.
fx1) = §(x4) = y2;

fxz) = ys,

fxz) = y1.

Ha pucyHKke 3TO BBITJISIIUAT CIEAYIOMUM 00pa3oMm:

X Y

— i
——

DJEMEHTY Xz HE IIOCTaBJICH B COOTBETCTBHEC HH OJHMH DJIEMCHT W3
MHOeCTBa Y. DJIEMEHT Y, HE TOCTaBJICH B COOTBETCTBUE HH OJHOMY JJICMCHTY
u3 MHOXecTBa X. {X1, X3, X3, X4} — OTO 00JIACTH ONpEACIecHUs 0TOOpaxeHus f.
{v1, V2, Y3} 310 00pa3 oTobOpaxkeHus f. 31ech OJUH IJIEMEHT Y, COOTBETCTBYET
JIBYM Pa3IHYHBIM DJIEMEHTAM X; U X,. DTO He 3ampernaercs ( —>). 3amnpemiaercs
npyroe ( <§) : COOTBETCTBHE JBYX 00pa30B OJTHOMY ITpooOpa3y.

3/1ech MOXHO BCIOMHHTBH CIICAYIOIINE MOCIOBHIBL: «IJI TIYXOTO JBYX
0o0eZICH HE CIy)KaT», «OIHOMY Hadally HE JBa KOHIA» , «3a JABYMs 3alIiamu
TIOTOHMIIIECS. — U HU OJTHOTO HE TIOWMACIIIhY.

Otob6paxkenue f: X — Y Ha3bIBaeTCd MHbEKTUBHBIM, €CJIH JIJIs JIIOOBIX X1,

X2 MHOXecTBa X W3 ycloBus X1 £ Xp cnenyet f(Xi1) # f(Xo).

Ipumep 30.

Orobpaxenue f(X)=X*> He ABISAETCA HHbEKTHBHBIM, TaK KaK

f(1)=12=1=(-1%) = f(-1).

OrobOpakenne f: X — Y Ha3pIBaeTCsS CHOPbEKTHUBHBIM, €CIH KaXKIbIH

AJIEMEHT MHOXKECTBA UMEET XOTS OBl OJIMH MTPo0oOpas.
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IIpumep 31.

OtoOpaxkenue f(X)= 2* sBHAeTCS WHBEKTHBHBIM OTOOpaKCHHEM
MHO)KECTBa  JICUCTBUTENBHBIX  YHCE HA  MHOXXECTBO  IOJIOKHTEIHHBIX
NEACTBUTENBHBIX Yncel, Tak kKak 2% = 2X2 tonpko mpu x1= x2. OTobpaskeHue
f(X)=2* sBisieTcs U CIOPbEKTHBHBIM.

Ipumep 32.

OtoOpaxkenne u3 npumepa 29 He  SABISIETCS  CIOPBEKTUBHBIM

OTOOpaKEHHUEM, TaK KaK MpooOpa3 3JeMeHTa Y4 MyCT (3JIEMEHT Y4 HE MOCTaBJICH B

COOTBETCTBUE HU OJTHOMY JJIEMEHTY U3 X).

OTO6pa}KCHHe Ha3bIBACTCA 6I/I€KTI/IBHI>IM, CCJIK OHO OIHOBPCMCHHO

MHBEKTUBHOE U CIOPbeKTUBHOE. Hampumep, oroOpakeHue u3 npumepa 31.
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